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GENUS FIELDS OF CONGRUENCE FUNCTION FIELDS
MYRIAMMALDONADO–RAMI´REZ, MARTHA RZEDOWSKI–CALDERO´N,
AND GABRIEL VILLA–SALVADOR
ABSTRACT. Let k be a rational congruence function field and consider an arbitrary
finite separable extension K/k. If for each prime in k ramified in K we have that
at least one ramification index is not divided by the characteristic of K , we find
the genus field Kge, except for constants, of the extension K/k. In general, we
describe the genus field of a global function field.
1. INTRODUCTION
C. F. Gauss [9] was the first in considering what now is called the genus field
of a quadratic number field. H. Hasse [10] introduced genus theory for quadratic
number fields describing the theory invented by Gauss by means of class field
theory. H. W. Leopoldt [13] determined the genus field Kge of an absolute abelian
number field K generalizing the work of Hasse. Leopoldt developed the theory
using Dirichlet characters and relating them with the arithmetic of K . A. Fro¨hlich
[6, 7] introduced the concept of genus fields for nonabelian number fields. Fro¨hlich
defined the genus fieldKge of an arbitrary finite number fieldK/Q asKge := Kk∗
where k∗ is the maximal abelian number field such thatKk∗/K is unramified. We
have that k∗ is the maximal abelian number field contained in Kge. The degree
[Kge : K] is called the genus number of K and the Galois group Gal(Kge/K) is
called the genus group of K .
If KH denotes the Hilbert class field (HCF) of K , we have K ⊆ Kge ⊆ KH and
Gal(KH/K) is isomorphic to the class group ClK ofK . ThenKge corresponds to a
subgroup GK of ClK , that is, Gal(Kge/K) ∼= ClK/GK . The subgroup GK is called
the principal genus of K and |ClK/GK | is equal to the genus number of K .
M. Ishida [12] described the genus fieldKge of any finite extension of Q, allow-
ing ramification at the infinite primes. Given a number field K , Ishida found an
abelian number field k∗1 and described another number field k
∗
2 such that k
∗ =
k∗1k
∗
2 and k
∗
1 ∩ k∗2 = Q. The field k∗1 was constructed by means of the finite primes
p such that at least one ramification index of the decomposition of p in K is not
divisible by p. In other words, by those primes p such that at least one prime inK
above p is tamely ramified.
We are interested in genus fields in the context of congruence (global) function
fields. In this case there is no proper notion of Hilbert class field since all the
constant field extensions are abelian and unramified. In fact, if the class number
of a congruence function field K is hK then there are exactly h := hK abelian
extensions K1, . . . ,Kh of K such that Ki/K are maximal unramified with exact
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field of constants of each Ki the same as the one of K , Fq, the finite field of q
elements and Gal(Ki/K) ∼= ClK,0 the group of classes of divisors of degree zero
([2, Chapter 8, page 79]).
M. Rosen [17] gave a definition of Hilbert class fields of K , fixing a nonempty
finite set S∞ of prime divisors of K . Using Rosen’s definition of HCF is possible
to give a proper concept of genus fields along the lines of number fields. In the lit-
erature there have been different definitions of genus fields according to different
HCF definitions. R. Clement [5] found a narrow genus field of a cyclic extension of
k = Fq(T ) of prime degree dividing q − 1. She used the concept of HCF similar to
that of a quadratic number field K : it is the finite abelian extension of K such that
the prime ideals of the ring of integersOK ofK splitting are precisely the principal
ideals generated by an element of positive norm. S. Bae and J. K. Koo [3] were able
to generalize the results of Clement with the methods developed by Fro¨hlich [8].
They defined the genus field for general global function fields and developed the
analogue of the classical genus theory.
B. Angle`s and J.-F. Jaulent [1] used narrow S–class groups to establish the fun-
damental results for genus theory of finite extensions of global fields, where S is
a finite nonempty set of places. G. Peng [16] explicitly described the genus theory
for Kummer function fields for a prime number l based on the global function field
analogue of P. E. Conner and J. Hurrelbrink exact hexagon.
C. Wittman [20] extended Peng’s results to the case l ∤ q(q − 1) and used his
results to study the l–part of the ideal class groups of cyclic extensions of degree
l. S. Hu and Y. Li [11] described explicitly the genus field of an Artin–Schreier
extension of k = Fq(T ).
In [14, 15] we developed a theory of genus fields of congruence function fields
using Rosen’s definition of HCF. Themethods we used there are based on the ideas
of Leopoldt using Dirichlet characters and a general description ofKge in terms of
Dirichlet characters. The genus fieldKge was obtained for an abelian extension K
of k. The method can be used to giveKge explicitly whenK/k is a cyclic extension
of prime degree l | q − 1 (Kummer) or l = p where p is the characteristic (Artin–
Schreier) and also when K/k is a p–cyclic extension (Witt). Later on, the method
was used in [4] to describeKge explicitly whenK/k is a cyclic extension of degree
ln, where l is a prime number and ln | q − 1.
In this paper we consider a congruence function fieldK with exact field of con-
stants a finite extension of Fq and such that K is a finite separable extension of
k = Fq(T ). We use Rosen’s definition of HCF of K to find Kge as Kge = Kk∗,
where k∗ is the composite of two fields k∗1 and k
∗
2 . Following Ishida’s methods,
we prove that k∗1 is contained in the composite of constants with fields FP where
k ⊆ FP ⊆ k(ΛP ), P is fully ramified in FP/k, P running in the set of finite primes
ramified in K/k. Here P is the monic irreducible polynomial in T associated to
P and k(ΛP ) is the P–th cyclotomic function field. The field k∗2 encodes the wild
ramification of the extension k∗/k. The main difficulty handling k∗1 is the decom-
position of the infinite primes.
2. NOTATION AND BASIC RESULTS ON CYCLOTOMIC FUNCTION FIELDS
The results on function fields and cyclotomic function fields we need in this
paper may be consulted in [19]. Let Fq be the finite field of q elements and of char-
acteristic p. Let k = Fq(T ) be a fixed rational function field. LetK be a congruence
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(global) function field with exact field of constants a finite extension of Fq and such
thatK/k is a finite separable extension. Let RT = Fq[T ] be the ring of polynomials
and R+T denotes the subset of monic irreducible polynomials. The pole of T in k
will be denoted by P∞. We say that P∞ is the infinite prime of k.
ForM ∈ RT \ {0}, ΛM denotes theM torsion of the Carlitz module and k(ΛM )
denotes the M–th cyclotomic function field. We have that k(ΛM )/k is an abelian
extension and Gal(k(ΛM )/k) ∼=
(
RT /(M)
)∗
. For anyM ∈ RT \ {0} the prime P∞
has ramification index q−1 and decomposes inΦ(M)/(q−1) primes of degree one
in k(ΛM ). The inertia group of P∞ in k(ΛM )/k is identified with F∗q ⊆
(
RT /(M)
)∗
.
The fixed field k(ΛM )
F
∗
q = k(ΛM )
+ is the maximal real subfield of k(ΛM ).
By a geometric extension we mean an extension without new constants.
The definition we use for the Hilbert class field is the one given by Rosen. That
is:
Definition 2.1. Given a congruence function field K , the Hilbert class field KH of
K is defined as the maximal unramified abelian extension of K such that all the
primes in K above P∞ decompose fully.
With this definition of Hilbert class field, the definition of the genus field ofK/k
is given as follows.
Definition 2.2. LetK be a finite separable extension of k. The genus field Kge of K
is the maximal extension of K contained in KH that is the composite of K and an
abelian extension of k. Equivalently, Kge = Kk
∗, where k∗ is the maximal abelian
extension of k contained inKH .
Note that it is possible to haveKge = KE for several different subfields E $ k∗.
We are interested in k∗ itself. In particular we have k∗ = k∗ge and since k
∗/k is
abelian, the description of such k∗ may be found in [14].
The set of prime divisors in k will be denoted by Pk and let P∗k := Pk \ {P∞} be
the set of finite primes of k.
The conorm map from a field E to a field F will be denoted by conE/F . In an
extension F/E, e(F |E) denotes the ramification index of a prime in F above one
in E. If the primes are P and p we also write e(F |E) = e(P|p) = eF/E(P|p). The
symbol dE(p) denotes the degree of p for a prime p in E. If P is a prime in k, its
degree will be denoted by dP .
For any finite extension E/k and any m ∈ N we denote the extension of con-
stants EFqm by Em.
Let P1, . . . ,Ps,Ps+1, . . . ,Pt be the finite primes in k ramified inK . Let Pi ∈ R+T
be such that the divisor (Pi)k is (Pi)k =
Pi
P
deg Pi
∞
for 1 ≤ i ≤ t. For a prime P ∈ Pk,
if conk/K P = pe11 · · · perr , we denote
eP = gcd(e1, . . . , er) = p
uP e
(0)
P , uP ≥ 0, gcd(p, e(0)P ) = 1.(2.1)
We assume that p ∤ ePi for 1 ≤ i ≤ s and p | ePj for s + 1 ≤ j ≤ t. That is, uPi = 0
for 1 ≤ i ≤ s and uPj ≥ 1 for s+ 1 ≤ j ≤ t.
One of the main tools used in this paper is the following result.
Theorem 2.3 (Abhyankar’s Lemma). Let F/E be a finite separable extension of func-
tion fields. Suppose that F = E1E2 with E ⊆ Ei ⊆ F . Let P be a prime of E and P a
prime in F above P . Let pi = P ∩ Ei for i = 1, 2. If at least one of the extensions Ei/E
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is tamely ramified at pi, then
eF/E(P|P) = lcm[eE1/E(p1|P), eE2/E(p2|P)].
Proof. [19, Theorem 12.4.4]. 
We also recall two results.
Proposition 2.4. Let L/k be a finite abelian extension, P ∈ R+T and d := degP . Assume
P is tamely ramified in L/k. If e denotes the ramification index of P in L/k, we have
e | qd − 1.
Proof. [18, Proposition 4.1]. 
Proposition 2.5. Let L/k be an abelian extension where at most a prime divisor p0 of
degree 1 is ramified and the extension is tamely ramified. ThenL/k is a constant extension.
Proof. [18, Proposition 4.2]. 
With respect to the genus field of a finite abelian extension of k, we have the
following results (see [14, 15, Theorem 4.2]).
Theorem 2.6. Let K/Fq be a finite abelian extension of k where P∞ is tamely ramified.
Let N ∈ RT and m ∈ N be such that K ⊆ k(ΛN )Fqm . Let Ege be the genus field of
E := k(ΛN ) ∩ KFqm . Let H1 be the subgroup that corresponds to the decomposition
group of the infinite primes of K in EgeK/K under the Galois correspondence. Then the
genus field ofK is
Kge = E
H1
ge K. 
Remark 2.7. In Theorem 2.6, it was assumed originally that K/k is a geometric
extension. This is not necessary; the same proof that works for the geometric case
works for any finite abelian extensionK/k.
3. GENERAL CASE
We consider a finite separable extensionK/k and letKge = Kk
∗. First we prove
some general results.
Proposition 3.1. Let E/k be a finite tamely ramified abelian extension. For a finite prime
P ∈ Pk, let conk/K P = pe11 · · · perr and let e∗P be the ramification index of P in E/k.
ThenKE/K is unramified at the primes above P if and only if e∗P | eP , where eP is given
by (2.1).
Proof. Let P be a prime in KE above P = P ∩ k. Thus P ∩ K = pi for some i.
Then, from Abhyankar’s Lemma, we have
e(P|P) = lcm[e(pi|P), e(P ∩ E|P)] = lcm[ei, e∗P ] = e(P|pi)e(pi|P) = e(P|pi)ei.
Therefore P is unramified in KE/K ⇐⇒ e(P|pi) = 1 ⇐⇒ lcm[ei, e∗P ] =
ei ⇐⇒ e∗P | ei. The result follows. 
Consider the conorm of the infinite prime of k:
conk/K P∞ = pe1,∞1,∞ · · · per∞,∞r∞,∞ .(3.1)
Let ti be the degree of pi,∞ and
t0 := gcd(t1, . . . , tr∞).(3.2)
GENUS FIELDS OF CONGRUENCE FUNCTION FIELDS 5
Proposition 3.2. The field of constants ofKge is Fqt0 .
Proof. Consider the extension of constants KFqm/K with m ≥ 1. We have that
pi,∞ splits into gcd(ti,m) factors ([19, Theorem 6.2.1]). Therefore pi,∞ decomposes
fully in KFm ⇐⇒ gcd(ti,m) = m ⇐⇒ m | ti. Thus the infinite primes of K
decompose fully in KFm ⇐⇒ m | t0. It follows that Fqt0 is the field of constants
ofKge. 
Proposition 3.3. Let P be a prime divisor of k of degree d such that P 6= P∞ and p ∤ eP .
LetKge = Kk
∗ and let e∗P be the ramification index of P in k∗/k. Then gcd
(
eP ,
qd−1
q−1
) |
e∗P and e
∗
P | eP .
Proof. From Proposition 3.1 we have e∗P | gcd(e1, . . . , er) = eP . Furthermore P
is fully ramified in k(ΛP )/k, where (P )k =
P
PdegP∞
and P∞ decomposes fully in
k(ΛP )
F
∗
q/k. The degree of the extension k(ΛP )
F
∗
q/k is (qd − 1)/(q− 1). Let S be the
subfield k ⊆ S ⊆ k(ΛP ) of degree gcd
(
eP ,
qd−1
q−1
)
. Then by Proposition 3.1 we have
that S satisfies that KS/K is unramified and the infinite primes in K decompose
fully in KS/K since P∞ decomposes fully in S/k. Therefore KS ⊆ Kk∗, S ⊆ k∗
and gcd
(
eP ,
qd−1
q−1
) | e∗P . 
LetG := Gal(k∗/k) and letGp be the p–Sylow subgroup ofG. ThenG = G0×Gp
with p ∤ |G0|. Therefore we have the decomposition
k∗ = k∗1k
∗
2 , k
∗
1 ∩ k∗2 = k, G0 = Gal(k∗1/k), Gp = Gal(k∗2/k).(3.3)
Thus, k∗1/k is tamely ramified and k
∗
2/k is a p–extension so that it is wildly
ramified unless it is an extension of constants.
Now we study the field k∗1 . To find an explicit description of k
∗
1 we proceed as
follows. Let
F0 :=
∏
P∈P∗k
FP =
t∏
i=1
FPi(3.4)
where k ⊆ FP ⊆ k(ΛP ) is the unique subfield of the extension k(ΛP )/k of degree
cP := gcd(eP , q
dP − 1) = gcd(e(0)P , qdP − 1).(3.5)
Therefore F0 satisfies thatKF0/K is unramified at every finite prime (Proposition
3.1).
Let R := k(ΛP1···Pt) and R
+ := k(ΛP1···Pt)
+. Then F0 ⊆ R.
Theorem 3.4. With the notations as above, we have
k∗1 ⊆ F0Fqu1 and K(F0 ∩R+)Fqt′0 ⊆ Kk∗1 ⊆ KF0Fqu1 ,
for some u1 ∈ N and where F0 is given by (3.4), t0 is given by Proposition 3.2 and
t0 = t
′
0p
v with gcd(t′0, p) = 1.
Proof. We will prove that k∗1 ⊆ F0Fqu1 for some u1 ∈ N. For any prime P ∈ P∗k
we obtain from Proposition 3.1 that if the ramification index of P in k∗1/k is bP ,
then bP |eP and since k∗1/k is a finite abelian tamely ramified extension, we have
bP | qdP − 1 (Proposition 2.4). Hence bP | cP = gcd(eP , qdP − 1) = [FP : k]. Let F ′P
be the subfield of FP of degree bP over k.
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Wemay assume that the finite ramified primes in k∗1/k are all ofP1, . . . ,Pt since,
if some of the bPi are equal to 1, the argument below works even in this case.
We start with P1. From Abhyankar’s Lemma we have that the ramification
index of P1 in k∗1F ′P1 over k is bP1 . Let IP1 be the inertia group of P1 in k∗1F ′P1
which is of order bP1 . LetE1 be the fixed field of k
∗
1F
′
P1
under IP1 . Since P1 is fully
ramified in F ′P1/k and unramified in E1/k we have E1 ∩ F ′P1 = k and
[E1F
′
P1 : k] = [E1 : k][F
′
P1 : k] =
[k∗1F
′
P1
: k]
|IP1 |
|IP1 | = [k∗1F ′P1 : k].
k∗1 k
∗
1F
′
P1
= E1F
′
P1
IP1
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
E1 = (k
∗
1F
′
P1
)IP1
r
r
r
r
r
r
r
r
r
r
r
r
k
bP1
F ′P1
Therefore k∗1F
′
P1
= E1F
′
P1
. Furthermore, since P2, . . . ,Pt are unramified in F ′P1
their ramification indices are bP2 , . . . , bPt inE1F
′
P1
/F ′P1 . ThusP2, . . . ,Pt have ram-
ification indices bP2 , . . . , bPt in E1/k.
Take now E1 instead of k
∗
1 and F
′
P2
instead of F ′P1 . We obtain E2 such that
E1F
′
P2
= E2F
′
P2
and P3, . . . ,Pt are the only finite primes of k ramified in E2 with
ramification indices bP3 , . . . bPt respectively. Note that
k∗1F
′
P1F
′
P2 = E1F
′
P1F
′
P2 = F
′
P1E1F
′
P2 = F
′
P1E2F
′
P2 = E2F
′
P1F
′
P2 .
In the general step we have Ei−1F
′
Pi
= EiF
′
Pi
and the ramification indices of
Pi+1, . . . ,Pt in Ei/k are bPi+1 , . . . , bPt and k∗1F ′P1 . . . F ′Pi = EiF ′P1 . . . F ′Pi .
Keeping on in this way we finally obtain Et such that Et−1F
′
Pt
= EtF
′
Pt
, no
finite prime is ramified in Et/k and k
∗
1F
′
0 = EtF
′
0 where F
′
0 =
∏t
i=1 F
′
Pi
.
Since the only possibly ramified prime in Et/k is P∞ and it is tamely ramified,
from Proposition 2.5 we obtain that Et/k is a constant field extension, say Et =
Fqu1 (T ) = ku1 .
Since
{
F ′Pi
}t
i=1
are pairwise linearly disjoint and F ′0/k is a geometric extension,
we have
[F ′0 : k] =
t∏
i=1
[F ′Pi : k] =
t∏
i=1
bPi , Et ∩ F ′0 = k and [k∗1F ′0 : k] = [Et : k][F ′0 : k].
In particular, Fqu1 is the field of constants of k∗1F
′
0.
Therefore k∗1 ⊆ k∗1F ′0 = EtF ′0 ⊆ F0Fqu1 and Kk∗1 ⊆ KF0Fqu1 . Finally, since
the extension K(F0 ∩ R+)Fqt0 /K is unramified and the infinite primes are fully
decomposed, it follows thatK(F0 ∩R+)Fqt′0 ⊆ Kk∗1 . 
Remark 3.5. In the proof of Theorem 3.4 we have obtained that in fact k∗1 ⊆ EtF ′0
and that Fqu1 is the field of constants of k∗1F
′
0.
To study k∗2 we first prove:
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Lemma 3.6. We have k∗ge = (k
∗
1)ge(k
∗
2)ge = k
∗. Furthermore (k∗1)ge = k
∗
1 and (k
∗
2)ge =
k∗2 .
Proof. Wehave k∗ = k∗1k
∗
2 andwe have alreadynoted that k
∗
ge = k
∗. Since (k∗1)ge/k
∗
1
is unramified and the infinite primes decompose fully, the same holds in the exten-
sion k∗(k∗1)ge/k
∗ so that (k∗1)ge ⊆ k∗ge. Similarly (k∗2)ge ⊆ k∗ge. Hence (k∗1)ge(k∗2)ge ⊆
k∗ge.
Now, since (k∗1)ge ⊇ k∗1 and (k∗2)ge ⊇ k∗2 , we obtain
k∗ge = k
∗ = k∗1k
∗
2 ⊆ (k∗1)ge(k∗2)ge ⊆ k∗ge.
Let now [k∗1 : k] = a and [k
∗
2 : k] = p
v where p ∤ a. If k∗1 $ (k
∗
1)ge, let M :=
(k∗1)ge ∩ k∗2 . From the Galois correspondence we obtain thatM 6= k.
Let [M : k] = pb with b ≥ 1. We have M/k is unramified since otherwise there
exists a prime in k with ramification index pc with c ≥ 1 in M . Since p ∤ a, it
follows that there exists a ramified prime in (k∗1)ge/k
∗
1 with ramification index p
c.
This contradiction shows that M/k is unramified. Thus M/k is an extension of
constants. It follows that P∞ has inertia degree pb in M/k but this implies that
the inertia degree of the infinite primes in (k∗1)ge/k
∗
1 is p
b which is impossible.
Therefore (k∗1)ge = k
∗
1 . Similarly (k
∗
2)ge = k
∗
2 . 
Remark 3.7. In general, if L = L1L2, then (L1)ge(L2)ge j Lge but not necessarily
Lge = (L1)ge(L2)ge. For instance, let q > 2 and let P,Q,R, S ∈ RT be four monic
irreducible polynomials in k. Let L1 := k(ΛP 2Q2)
+ and L2 := k(ΛR2S2)
+. Then
L1 = (L1)ge and L2 = (L2)ge. Let L := L1L2. Then Lge = k(ΛP 2Q2R2S2)
+ and
[Lge : L] = q − 1 > 1. Thus Lge = (L1L2)ge 6= (L1)ge(L2)ge = L.
Now let Gal(k∗2/k)
∼= Cpn1 × · · · × Cpnν and if for each 1 ≤ i ≤ ν, Ei is the
subfield k ⊆ Ei ⊆ k∗2 such that Gal(Ei/k) ∼= Cpni , then from [14, Theorem 5.7], we
obtain that (Ei)ge is the composite of p–cyclic extensions of k such that in each one
only one prime is ramified or is an extension of constants. Therefore, (k∗2)ge = k
∗
2
is the composite of this type of cyclic p–extensions.
Finally, since uPj ≥ 1 for s+ 1 ≤ j ≤ t (see (2.1)), we have the following result.
Theorem 3.8. The field k∗2 is of the form k
∗
2 = Js+1Js+2 · · · JtJ∞ where Pj is the only
ramified prime in Jj/k, [Jj : k] = p
vj with 0 ≤ vj ≤ uPj for s + 1 ≤ j ≤ t, and J∞ is
an abelian p–extension of k that is either an extension of constants or such that P∞ is the
only ramified prime. 
4. THE GENUS FIELD IN A SPECIAL CASE
Let K/k be a finite separable extension such that for all P ∈ Pk, p ∤ eP =
gcd(e1, . . . , er) where conk/K P = pe11 · · · perr . That is, we assume t = s and also
p ∤ eP∞ .
We have that k∗1 is given by (3.3) and in this case we have k
∗
2/k is unramified.
Hence k∗2/k is an extension of constants.
To find a more explicit description of k∗1 we proceed as follows. First we con-
sider the behavior of P∞. Let conk/K P∞ be given by (3.1).
We have e∞(FP |k) | gcd(cP , q − 1) for P ∈ P∗k. By Abhyankar’s Lemma we
obtain that if
c∞ := e∞(F0|k),
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is the ramification index of P∞ in F0/k then
c∞ | lcm
[
gcd(eP1 , q − 1), . . . , gcd(ePs , q − 1)
]
= gcd
(
lcm[eP1 , . . . , ePs ], q − 1
)
.
To obtain a formula for c∞, we consider the following. We have from (3.5)
cP = [FP : k] = gcd(eP , q
dP − 1),
where dP = dk(P). Let H := Gal(R/F0), where R = k(ΛP1···Ps). LetM := F0R+,
where R+ = k(ΛP1···Ps)
+. Therefore
e∞(M |k) = e∞(M |R+)e∞(R+|F0 ∩R+)e∞(F0 ∩R+|k)
= [M : R+] · 1 · 1 = [M : R+] = [F0 : F0 ∩R+];
e∞(M |k) = e∞(M |F0)e∞(F0|F0 ∩R+)e∞(F0 ∩R+|k)
= 1 · e∞(F0|F0 ∩R+) · 1 = e∞(F0|F0 ∩R+).
Hence
c∞ = e∞(F0|k) = e∞(F0|F0 ∩R+) = e∞(M |k) = [F0 : F0 ∩R+] = [M : R+].
(4.1)
We choose the maximal field F with F0∩R+ ⊆ F ⊆ F0 and such that the infinite
primes of K decompose fully in KF . Note that such field F exists since if F1, F2
are two fields such that F0 ∩ R+ ⊆ Fi ⊆ F0 and such that the infinite primes of K
decompose fully in KFi/K , i = 1, 2, then F1F2 satisfies the same properties.
Remark 4.1. With the notation of Theorem 3.4, observe that since KF/K is un-
ramified, and because P∞ splits fully in KF/K , it follows that F ⊆ k∗1 so that
Fk∗1 = k
∗
1 ⊆ k∗1F ′0. Since F0 ∩ R+ ⊆ F ′0 ⊆ F0 we have F ⊆ F ′0 . In general we may
have F ′0 6= F , see Example 5.1.
Next, we determine F for an abelian extension K/k.
Proposition 4.2. LetK/k be a finite abelian tamely ramified extension. With the notation
in Theorem 2.6 we have
F ⊆ Ege ⊆ F0,
more precisely
F = EH1ge and Kge = KF.
Proof. In this case s = t and N = P1 · · ·Pt. Since for any prime P in k, the ramifi-
cation index in K/k is the same as the ramification index in E/k (see [14, Section
4.1]) and F0 =
∏
P∈P∗k
FP , we have Ege ⊆ F0.
The infinite prime decomposes fully in F0 ∩ R+/k. Hence the infinite primes
decompose fully inE(F0∩R+)/E. Since the extensionE(F0∩R+)/E is unramified,
we have F0 ∩R+ ⊆ Ege.
We observe that by Abhyankar’s Lemma (Theorem 2.3) the extension K(F0 ∩
R+)/K is unramified and the infinite primes decompose fully. Thus F ⊆ Ege.
Finally, again by Abhyankar’s Lemma,KEge/K is unramified and the inertia of
the infinite primes corresponds to H1, that is, E
H1
ge is the maximal extension such
that F0 ∩ R+ ⊆ EH1ge ⊆ F0 and that in KEH1ge /K the infinite primes decompose
fully. Therefore F = EH1ge . From Theorem 2.6, it followsKge = KF . 
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Remark 4.3. LetK/k be a finite tamely ramified abelian extension. Let P1, . . . ,Ps
be the finite ramified primes. Then F0 =
∏s
i=1 FPi with k ⊆ FPi ⊆ k(ΛPi). We
have [FPi : k] = cPi = gcd(ePi , q
degPi − 1). Since K/k is abelian and tamely
ramified we have ePi | qdegPi − 1 (Proposition 2.4). Therefore, cPi = ePi .
Now let
c′∞ := [F : F0 ∩R+] = e∞(F |k).
Since
c∞ = [F0 : F0 ∩R+] = [F0 : F ][F : F0 ∩R+] = [F0 : F ]c′∞
we have c′∞ | c∞.
R
H∩F∗q
q−1
H2F0
H2/(H∩F
∗
q)
H
c∞
M = F0R
+
H2/(H∩F
∗
q)
F
c′
∞
N = FR+
c′
∞
F0 ∩R+ R+
The degree c′∞ must satisfy the following. By Abhyankar’s Lemma, we have
that if P is a prime in KF dividing P∞ and if P ∩K = pi,∞, then
e(P|P∞) = lcm[ei,∞, c′∞] =
ei,∞c
′
∞
gcd(ei,∞, c′∞)
= e(P|pi,∞)e(pi,∞|P∞) = e(P|pi,∞)ei,∞.
It follows that
e(P|pi,∞) = c
′
∞
gcd(ei,∞, c′∞)
.(4.2)
Therefore
e(P|pi,∞) = 1 ⇐⇒ gcd(ei,∞, c′∞) = c′∞ ⇐⇒ c′∞ | ei,∞.
Thus, KF/K is unramified if and only if c′∞ | eP∞ = gcd(e1,∞, . . . , er∞,∞).
Therefore c′∞ must be maximal in the sense c
′
∞ | c∞, c′∞ | e∞ where e∞ = eP∞ ,
c∞ is given by (4.1) and the infinite primes of K decompose fully inKF . Hence
c′∞ | gcd(c∞, e∞).(4.3)
That is, F is the field
F0 ∩R+ ⊆ F ⊆ F0 such that [F : F0 ∩R+] = c′∞.(4.4)
Let H2 be the subgroup of F∗q of order
q−1
c′
∞
and let N := RH2 . Note that |H ∩
F∗q | = [R : F0R+] = q−1c∞ . Hence |H ∩ F∗q | | |H2| and from (4.3) we obtain
[M : N ] = [F0 : F ] =
c∞
c′∞
.
With the above notation we have the following result.
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Theorem 4.4. Let K/k be a finite separable extension such that every prime P ∈ Pk
satisfies that if conk/K P = pe11 · · · perr , then p ∤ eP = gcd(e1, . . . , er). Then
KFFqt0 ⊆ Kge ⊆ KF0Fqu ,
where F0 is given by (3.4), F is given by (4.4), t0 is given by (3.2) and u ∈ N.
Furthermore,KF0Fqu/K is unramified at every finite prime and the ramification index
of the infinite prime pi,∞ is
c∞
gcd(ei,∞,c∞)
, 1 ≤ i ≤ r∞ where c∞ is given by (4.1).
Proof. Because KF/K is unramified and the infinite primes decompose fully, we
have F ⊆ k∗1 . Therefore by Proposition 3.2 we haveKFFqt0 ⊆ Kk∗ = Kge.
Since p ∤ eP for all P ∈ Pk it follows from Theorem 3.8 and Proposition 2.5
that k∗2/k is an extension of constants, so that k
∗
2 = Fqu2 (T ). Furthermore, since
k∗2 ⊆ Kge we have u2|t0.
From Theorem 3.4 we have k∗1 ⊆ F0Fqu1 for some u1 ∈ N and Kk∗1 ⊆ KF0Fqu1 .
HenceKge = Kk
∗ = Kk∗1k
∗
2 ⊆ KF0Fqu , where u = lcm[u1, u2].
The ramification index of P∞ in F0/k is c∞ where c∞ is given by (4.1). Now
applying (4.2) to F0 and c∞ we obtain the ramification index of pi,∞ inKF0Fqu/K
is c∞gcd(ei,∞,c∞) . 
Remark 4.5. Note that F ⊆ Kge∩F0. BecauseKge∩F0 ⊆ Kge, we have the infinite
primes of K decompose fully in (Kge ∩ F0)K . Besides, F0 ∩ R+ ⊆ Kge ∩ F0 ⊆ F0.
It follows from the maximality of F that
Kge ∩ F0 = F.
ThereforeKFFqt0 ∩ F0 = F and Kge ∩KF0Fqt0 = KFFqt0 .
Observe that if we had in the proof that (Kge)u ∩ F0 = F , then by the Galois
correspondence we would obtain (Kge)u = ((Kge)u ∩ F0)Ku = FKFqu . Hence
FKFqt0 ⊆ Kge ⊆ (Kge)u = FKFqu = KFFqt0Fqu . Therefore Kge/FKFqt0 is
an extension of constants and since the field of constants of Kge is Fqt0 , it would
follow the equality
Kge = FKFqt0 .
In case that F = F0 then KFFqt0 ⊆ Kge ⊆ KFFqu so that Kge/KFFqt0 is an
extension of constants and thenKge = KFFqt0 .
Finally, if u = t0, thenKge = Kge∩KF0Fqt0 = KFFqt0 (see the diagram below).
HenceKge = KFFqt0 .
Also, when K/k is an abelian tamely ramified extension, we have Kge = KF
(see Proposition 4.2).
In short, it is very likely that alwaysKge = KFFqt0 .
GENUS FIELDS OF CONGRUENCE FUNCTION FIELDS 11
F0
c∞
KF0 (KF0)t0 KgeF0 (KgeF0)u = (KF0)u
(Kge)u ∩ F0 (Kge)v
u/v
v/t0
(Kge)u
F
c′
∞
KF (KF )t0 Kge
u/t0
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
F0 ∩ R
+ K
r
r
r
r
r
r
r
r
r
r
r
r
k
5. APPLICATIONS AND EXAMPLES
Example 5.1. Consider q = 3 and P = T 3 + 2T + 1. We have P is irreducible in
F3(T ). Let K = k(
√
P ). In our construction, if P is the prime corresponding to
P , we have F0 = FP = k(
√
(−1)degPP ) = k(√−P ). Now P∞ is ramified in K
and in F0 = FP . Therefore t0 = 1, that is, the field of constants of Kge is F3. Since
[R+ : k] = 13 and [F0 : k] = 2, we have F0 ∩R+ = k. Now KF0 = K(
√−1). Since√−1 /∈ F3 we have K(
√−1) = KF9 and the infinite primes are inert in KF0/K .
Hence F = k and Kge = K . Here we have F
′
0 = F0 = k(
√−P ) 6= k = F .
5.1. Cyclic extensions of prime degree not dividing q(q − 1). Let l be a prime
not dividing q(q − 1) and let K/k be a cyclic extension of degree l. Let P1, . . . ,Pt
be the primes in k ramified in K . Note that since the inertia group of a ramified
prime is contained in the multiplicative group of the residue field, we have l |
(qdegPi − 1) for 1 ≤ i ≤ t. In particular P∞ is not ramified. In this case we have
k ⊆ FPi ⊆ k(ΛPi) for 1 ≤ i ≤ t where FPi is the unique subfield of k(ΛPi) of
degree cPi = gcd(ePi , q
dPi − 1) = l. Then
F0 =
t∏
i=1
FPi ⊆ k(ΛP1···Pt)+.
Therefore we have c∞ = eP∞ = 1, F0 ∩ R+ = F0. Thus F = F0, c′∞ = 1. Further-
more, if t0 is the degree of the infinite prime(s) above P∞ inK , then t0 = 1 or l. In
fact t0 = 1 iff P∞ decomposes in K/k. This is equivalent to K ⊆ k(ΛP1···Pt)+. We
have t0 = l iff P∞ is inert in K/k iffK * k(ΛP1···Pt)+.
From Proposition 3.2 and Theorem 4.4 we have Kge = KFFqt0 , since in this
case we have F = F0 and u = t0.
First we consider K ⊆ k(ΛP1···Pt)+. Then Kge = KFFqt0 = KF = F and
[Kge : K] = l
t−1.
Nowwe considerK * k(ΛP1···Pt)
+. ThenK * F and in particular k ⊆ K∩F $
K so that K ∩ F = k and [KF : K] = [F : k] = lt. We will prove Fql ⊆ KF . First,
we have [KF : k] = [FqlF : k] = lt+1. Now if kl := Fql(T ), then kl ∩K = k. Now
P∞ is inert in K/k and in kl/k. The decomposition group D of P∞ in Kl = Kkl is
a cyclic group of order l. Consider L := (Kl)
D . The prime P∞ decomposes fully
12 M. MALDONADO, M. RZEDOWSKI, AND G. VILLA
in L/k and P1, . . . ,Pt are the ramified primes in L/k. It follows that L ⊆ F . Since
L 6= K we obtain that KL = Kl and KL = Kl = KFql ⊆ KF . Thus Fql ⊆ KF .
ThereforeKge = KFFql = KF and [Kge : K] = [KF : K] = lt.
Note that this example is consistent with the results of [14, 15], in particular
with Theorem 4.2 and Remark 4.3 of [15]. In the notation of those papers, K ⊆
F ⇐⇒ E = K and [Kge : K] = [Ege : E] = lt−1. When K * F , Ege = F we have
[Kge : K] = l
t = llt−1 = l[Ege : E].
5.2. Radical extensions. LetK = k( n
√
γD), whereD ∈ RT is a monic polynomial
and γ ∈ F∗q . Let D = Pα11 · · ·Pαss be the decomposition of D as product of irre-
ducible polynomials. We assume that D is n–th power free, that is, 0 < αi < n for
1 ≤ i ≤ s and we also assume p ∤ n.
The finite ramified primes are P1, . . . ,Ps and they are tamely ramified. Indeed,
let pi be a prime inK above Pi. We have
e(pi|Pi)vPi(D) = e(pi|Pi)αi = vpi(D) = vpi(( n
√
γD)n) = nvpi(
n
√
γD).(5.1)
Let di = gcd(αi, n). We obtain from (5.1) that
n
di
| e(pi|Pi). On the other hand
if we write K = k(y), where yn = γD, set z = yn/di . Thus zdi = yn = γD =
γ(P
αi/di
i )
di(D/Pαii ). Therefore k(z) = k(
di
√
γD/Pαii ). In particular Pi is unram-
ified in k(z)/k. It follows that e(pi|Pi) = n/di. Thus ePi = n/di. Similarly we
obtain e∞ = e∞(K|k) = nd , where d = gcd(degD,n).
Therefore F0 =
∏s
i=1 FPi with cPi = gcd(ePi , q
degPi − 1) = gcd ( ndi , qdegPi − 1
)
.
Then
e∞(FPi |k) | gcd(cPi , q − 1) = gcd(ePi , q − 1) = gcd
( n
di
, q − 1).
Hence
c∞ | gcd(lcm[ePi , . . . , ePs ], q − 1) = gcd(lcm
[ n
d1
, . . . ,
n
ds
]
, q − 1) = gcd( n
d0
, q − 1),
where d0 = gcd[d1, . . . , ds]. We also have
c′∞ | gcd(c∞, e∞)| gcd
( n
d0
,
n
d
, q − 1).
By Theorem 4.4 we obtain
KFFqt0 = k(
n
√
γD)FFqt0 ⊆ Kge = k( n
√
γD)ge ⊆ KF0Fqu ,
where t0, u ∈ N.
To find t0, we consider the subfield E = k(
d
√
γD) ⊆ k( n√γD). Since P∞ is
unramified in E/k and fully ramified in K/E, we have that the inertia degree
of P∞ in K/k is equal to the inertia degree of P∞ in E/k. Note that D(T ) =
T l+al−1T
l−1+· · ·+a1T+a0 = T l
(
1+al−1(
1
T )+· · ·+a1( 1T )l−1+a0( 1T )l
)
= T lD1(
1
T )
with D1(0) = 1 and d|l. Hence E = k( d
√
γD1(1/T )) with D1(1/T ) ∈ Fq[1/T ] and
D1(1/T ) ≡ 1 mod (1/T ). Therefore Xd − γD1(1/T ) mod P∞ becomes X¯d − γ ∈
Fq[X¯].
Let µ ∈ F¯q be a fixed d-th root of γ. If ζd denotes a primitive d–th root of unity,
we have that the factorization of X¯d − γ in Fq[X¯ ] is of the form
X¯d − γ =
r∏
j=1
Irr(ζ
ij
d µ, X¯,Fq)
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for some 0 ≤ i1 < i2 < · · · < ir ≤ d − 1. From Hensel’s Lemma, we ob-
tain Xd − γD1
(
1
T
)
=
∏r
j=1 Fj(X) with Fj(X) ∈ k∞[X ] distinct irreducible poly-
nomials. In particular conk/K P∞ = p∞,1 · · · p∞,r with degK p∞,j = degFj(X),
1 ≤ j ≤ r. Therefore t0 = gcd1≤j≤r{degFj(X)} = gcd1≤j≤r{[Fq(ζijd µ) : Fq]} =
gcd0≤i≤d−1{[Fq(ζidµ) : Fq]}. In short if we write d
√
γ = µ,
t0 = gcd
0≤j≤r
[
Fq(ζ
ij
d
d
√
γ) : Fq
]
= gcd
0≤i≤d−1
[
Fq(ζid d
√
γ) : Fq
]
.(5.2)
It follows from (5.1) that if gcd(αi, n) = 1 for some i, then K/k is a geometric
extension.
Example 5.2. Consider q = 3, P1 = T , P2 = T
2 − T − 1 and D = P 21P2. We have
P1 and P2 are irreducible in F3(T ). Let K = k(
10
√−D). In our construction, if Pi
is the prime corresponding to Pi, we have FP1 = k and FP2 = k(
√
P2). Hence
F0 = k(
√
P2). On the other hand, P∞ decomposes in k(
√
P2)/k, thus k(
√
P2) ⊆
k(ΛP1P2)
+. Therefore F = F0 = k(
√
P2).
Since d = 2, we obtain t0 = 2. Because u2 is a power of 3 and u2 divides t0, we
have u2 = 1. From the proof of Theorem 3.4, we obtain that in this case E1 = k
∗
1
and Fqu1 = E2 ⊆ k∗1 . Therefore u1 divides t0. Thus u = u1 ∈ {1, 2}. It follows from
Theorem 4.4 thatKge = Kk(
√
P2)F9.
5.3. Radical extensions of prime power degree dividing q − 1. As a particular
case of Subsection 5.2, let l be a prime number such that ln | q − 1. Let D ∈ RT be
a monic polynomial ln–power free. LetD = Pα11 · · ·Pαss with P1, . . . , Ps ∈ R+T and
vl(αi) = ai < n. Let γ ∈ F∗q and K = k( ln
√
γD). Then ePi = l
n−ai , 1 ≤ i ≤ s. Since
K/k is a cyclic extension of degree ln, K/k is a geometric extension if and only if
ai = 0 for some 1 ≤ i ≤ s.
Now, we have FPi ⊆ k(ΛPi) and cPi = gcd(ePi , qdegPi − 1) = ePi = ln−ai .
Therefore FPi = k(
ln−ai
√
(−1)degPiPi) and F0 =
∏s
i=1 FPi .
We have eP∞ = e∞ = l
n−d, where d = min{n, d′} and vl(degD) = d′. Further-
more the inertia degree of P∞ is f∞ = lm, where Fqlm = Fq( ld
√
(−1)degDγ) (see [4,
Proposition 2.8]). Hence t0 = l
m and the field of constants of Kge is Fqlm .
Now, with respect to P∞ we have e∞(FPi |k) = ln−ai−di , where di = min{n −
ai, d
′
i}, vl(degPi) = d′i. From Abhyankar’s Lemma we obtain
e∞(F0|k) = lcm[e∞(FPi |k) | 1 ≤ i ≤ s] = lcm[ln−ai−di | 1 ≤ i ≤ s] = ln−δ,
where δ = min
1≤i≤s
{ai + di} = min
1≤i≤s
{ai + min{n − ai, d′i}} = min
1≤i≤s
{n, vl(degPαii )}.
That is
c∞ = [F0 : F0 ∩R+] = e∞(F0|k) = ln−δ.
Note that d ≥ δ. Then c′∞ | gcd(c∞, e∞) = gcd(ln−δ, ln−d) = ln−d. We have that F
is the subfield F0 ∩R+ ⊆ F ⊆ F0 such that [F : F0 ∩R+] = c′∞ | ln−d.
F0
c∞
c′
∞
ln−δ=c∞ F
c′
∞
|ln−d
F0 ∩R+
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Example 5.3. Let k = F5(T ) and K := k
(
3
√
T (T 2 + T + 1)
) · F52 = k
(
T, 3
√
D(T )
) ·
F52 , where D(T ) = T (T 2 + T + 1). Let K0 := k( 3
√
T (T 2 + T + 1)). Note that
K = K0(ζ3) = K0 ·F52 is the Galois closure ofK0/k. We have that T and T 2+T+1
are irreducible in F5(T ) since ζ3 /∈ F5 and T 2 + T + 1 = T 3−1T−1 = (T − ζ3)(T − ζ23 ).
In fact F5(ζ3) = F52 = F25.
Let PT and PT 2+T+1 be the prime divisors in k = F5(T ) corresponding to T and
T 2 + T + 1 respectively. The infinite prime P∞ is unramified in K0/k and in K/k
because degD(T ) = 3. Let t0(K0) and t0(K) be given by (3.2) with respect to the
fieldsK0 andK respectively. Since γ = 1, from (5.2) we obtain
t0(K0) = gcd
0≤i≤2
{[
F5(ζi3) : F5
]}
= gcd{1, 2, 2} = 1
and
t0(K) = gcd
0≤i≤2
{[
F52(ζ
i
3) : F5
]}
= gcd
0≤i≤2
{[F52 : F5]} = gcd{2, 2, 2} = 2.
Since t0(K0) 6= t0(K), it follows that (K0)ge 6= Kge.
Let F0 = FPTFPT2+T+1 . We have
[FPT : k] = cPT = gcd(ePT , 5
dPT − 1) = (3, 4) = 1.
Therefore FPT = k. Now
[FPT2+T+1 : k] = cPT2+T+1 = gcd(ePT2+T+1 , q
degPT2+T+1 − 1) = gcd(3, 24) = 3.
Since q − 1 = eP∞(k(ΛT 2+T+1)|k) = 4 it follows that FPT2+T+1 ⊆ k(ΛT 2+T+1)+
and F0 = FPT2+T+1 = F0 ∩ k(ΛT (T 2+T+1))+. Hence F0 is the unique subfield of
k(ΛT 2+T+1) of degree 3 over k and F0 = F .
We have that FPT2+T+1 · F52/F52(T ) is a Kummer extension of degree 3 where
the finite ramified primes are the primes in F52(T ) dividing T 2 + T + 1 = (T −
ζ3)(T − ζ23 ). Since P∞ decomposes fully in FPT2+T+1/k, p∞, the infinite prime
in F52(T ), decomposes fully in FPT2+T+1 · F52/F52(T ). Therefore FPT2+T+1 · F52 =
F52(T )
(
3
√
(−1)degQQ(T )) = F52(T )
(
3
√
Q(T )
)
with degQ(T ) = 3 and T −ζ3, T −ζ23
are the unique irreducible polynomials dividing Q(T ).
FPT2+T+1
3
FPT2+T+1 · F52 = F25(T )
(
3
√
Q(T )
)
3
k F25(T )
It follows that
FPT2+T+1 · F52 = F25(T )
(
3
√
(T − ζ3)(T − ζ23 )2
)
= F25(T )
(
3
√
(T − ζ3)2(T − ζ23 )
)
.
Now, since F0 = F , from Remark 4.5 we obtain
Kge = KFF52 = F25
(
T, 3
√
T (T − ζ3)(T − ζ23 ), 3
√
(T − ζ3)(T − ζ23 )2
)
.
Let K ′ge be the genus field of K/F25(T ). We may apply Peng’s Theorem. With
the notations from [15, Theorem 5.2], we have r = 3, P1 = T, P2 = T − ζ3, P3 =
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T − ζ23 , γ = 1, α = (−1)degDγ = −1 ∈ (F∗25)3, a1 = a2 = 2. Thus
K ′ge = F25
(
T, 3
√
T (T − ζ23 )2, 3
√
(T − ζ3)(T − ζ23 )2
)
.
We also have
F25
(
T, 3
√
T (T − ζ3)(T − ζ23 ), 3
√
(T − ζ3)(T − ζ23 )2
)
= F25
(
T, 3
√
T (T − ζ23 )2, 3
√
(T − ζ3)(T − ζ23 )2
)
.
ThereforeKge = K
′
ge (see Remark 5.4).
Finally, from Remark 4.5 (K0)ge = KF = k
(
T, 3
√
D(T )
)
FPT2+T+1 .
Remark 5.4. Let k = Fq(T ) and let kn be the extension of constants of k of degree
n. Let K be any finite extension of k such that Fqn ⊆ K . Let Kge and K ′ge be
the genus fields of K/k and K/kn respectively. Since the infinite prime divisors
of K decompose fully in Kge and in K
′
ge and Kge/K and K
′
ge/K are abelian and
unramified, it follows thatKge = K
′
ge.
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